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Abstract
Paleomagnetic studies clearly show that the polarity of the magnetic fi eld has been subject to reversals. It is 
generally assumed that polarity intervals are exponentially distributed. Here, the geomagnetic polarity reversal 
record, for the past 166 Ma, is analysed and a new approach to the study of the reversals is presented. In detail, the 
occurrence of 1/ƒ-noise in the Power Spectral Density (PSD), relative to geomagnetic fi eld reversals, the existence 
of a Zipf’s law behaviour for the cumulative distribution of polarity intervals, and the occurrence of punctuated 
equilibrium, as shown by a sort of Devil’s staircase for the reversal time series, are investigated. Our results give 
a preliminary picture of the dynamical state of the geomagnetic dynamo suggesting that the geodynamo works in 
a marginally stable out-of-equilibrium confi guration, and that polarity reversals are equivalent to a sort of phase 
transition between two metastable states.
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1.  Introduction
At the beginning of the last century, the 
French scientists P. David and B. Brunhes made 
the earliest demonstration that the geomagnetic 
fi eld has changed its polarity in the past. The 
idea that geomagnetic polarity could change 
was controversial, and for many years sceptics 
sought alternative interpretations. The hypothesis 
became widely accepted only in the early 60s 
and we can say that this is probably the major 
phenomenological discovery of the twentieth 
century in the fi eld of paleomagnetism. However, 
geomagnetic polarity reversal remains one of 
nature’s most enigmatic phenomena. From a 
theoretical point of view the possibility that the 
geomagnetic fi eld could change its polarity was 
well known. Indeed, the magnetohydrodynamic 
description of the geodynamo is insensitive to 
the sign of the magnetic fi eld: i.e. the induc-
tion equation is invariant under magnetic fi eld 
parity transformation (B Æ –B). Therefore, 
the geodynamo can have a polarity opposite 
to the directly observable normal polarity as 
an equally viable solution. If a mechanism for 
transition between these two states exists, we 
should expect normal and reversed polarity states 
with equal probability. From dynamo theory we 
can conclude that the geodynamo appears to 
operate in two regimes, one in which reversals 
occur and one in which they do not. Although 
the conditions that give rise to these two regimes 
are not completely understood, it is known that 
the reversal sequence of the Earth’s magnetic 
fi eld contains information about Earth’s core 
processes. In particular, from the analysis of the 
length distribution of the polarity intervals it is 
possible to try to model the reversal mechanism 
while from the analysis of the rate of occurrence 
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of these reversals it is possible to try to gain 
information on gradually changing conditions at 
the core-mantle boundary. Indeed, it is generally 
accepted that changes in the frequency of fi eld 
reversals refl ect the dynamic evolution of the 
fl uid core (Jones, 1977; McFadden and Merrill, 
1984) and that the analysis of long-term trends 
in geomagnetic reversal frequency might provide 
important information on core-mantle coupling 
(e.g., McFadden and Merrill, 1984, 1986; Cour-
tillot and Besse, 1987; Gubbins, 1987; Marzocchi 
et al., 1992). Thus it is important to analyse the 
reversal sequence and to extract all the available 
information. 
Modern reversal chronologies show more 
than 300 successful reversals in the past 166 
Ma. Common estimates for the duration of a 
polarity transition are around a few thousand 
years (1000-8000 years). However, remarkably 
different values for the duration of a magnetic 
fi eld reversal are often advocated even if there 
are reasons to think that these values are artefacts. 
In geological terms the duration of a polarity 
transition is a very short time and is short relative 
to the typical length of polarity interval. So, in 
fi rst approximation, it is possible to think of a 
reversal as a rapid, almost instantaneous event. 
This then naturally leads to the concept that the 
reversal process is a renewal process. This idea 
was originally suggested by Cox (1968) who was 
the fi rst to notice the irregular lengths of stable 
polarity intervals and to suggest that one might 
model reversals as a renewal process triggered 
by instabilities in fl uid motions in Earth’s outer 
core. In the hypothesis in which the reversals 
are generated by a renewal process, the duration 
of polarity intervals must be independent and 
consequently the reversal process must be a 
Poisson process, i.e. a process in which the 
probability of a future event does not depend on 
the time since the last event. Under the Poisson 
model, one expects that although the lengths of 
individual stable polarity intervals are highly 
variable, there is a characteristic rate of reversal 
if the process is averaged over a suffi cient time 
interval. However, the observed distribution 
of reversals exhibits two departures from the 
basic Poisson model. Firstly, there is a paucity 
of short intervals in the magnetostratigraphic 
records, which could be a consequence both of 
our inability to detect very short intervals and 
an inability of the core to generate new reversals 
during some short time interval immediately 
following a transition (McFadden and Merrill, 
1993). In the second place, the occurrence of 
geomagnetic reversals appears to be time-de-
pendent. The average rate at which reversals oc-
cur has varied signifi cantly over time scales on the 
order of 108 years. In particular, the reversal rate 
appears to have decreased from just over 3 per 
million years at about 160 Ma ago down to zero 
at about 118 Ma ago and then increased from zero 
at about 83 Ma ago to around 5 per million years 
in recent times (McFadden and Merrill, 1997). 
This could mean that the geomagnetic reversal 
process is a non-stationary process at least over 
such time scales. It is important to emphasize 
that only the existence of this nonstationarity, 
not its details, has been well established. Indeed, 
the origin of the nonstationarity in reversal rate 
has been interpreted in different ways in the 
past decade. The nonstationarity could be, 
for example, a manifestation of deterministic 
chaos within the geodynamo or a consequence 
of gradual changes in the core mantle boundary 
conditions. Recently, longer-term changes in 
reversal rates have been linked to plume activ-
ity at the core-mantle boundary (Courtillot and 
Besse, 1987; Loper, 1992) or to the arrival at 
the core mantle boundary of cold material from 
a mantle event (Gallet and Hulot, 1997) or to 
changes at the inner-core/outer-core boundary 
(Kent and Smethurst, 1998). Nowadays the 
favoured conjecture is that the change in reversal 
rate refl ects the evolution in spatial variability of 
some parameter, such as heat fl ux, at the Core-
Mantle Boundary (CMB) (Merill et al., 1996; 
Glatzmaier et al., 1999).
Taking into account that reversal sequences 
are not stationary and that a reversal requires a 
fi nite amount of time, one can think that there 
has to be some statistical correlation between 
the lengths of successive polarity intervals. In 
this case, the process cannot be truly Poisson 
and it has been shown (Naidu, 1971; Phillips, 
1977) that a gamma distribution could provide 
a better fi t to the observed intervals. It has also 
been suggested (McFadden and Merrill, 1984; 
Lutz and Watson, 1988) that the process of 
geomagnetic reversals may be consistent with a 
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nonstationary Poisson process, which is a special 
case of gamma process where there is no memory 
of how long it has been since the previous event. 
We remark that a gamma distribution generally 
occurs in out-of-equilibrium dynamical systems 
(Sornette, 2000). It has also been found (Gaffi n, 
1989, Seki and Ito, 1993) that the cumulative 
distribution of the polarity intervals follows a 
power law. In particular, Seki and Ito (1993) 
interpreted their results as indicating that the 
geodynamo is marginally stable and that the 
geomagnetic polarity reversal is a kind of critical 
phenomenon. In particular they presented a 
simple model (a dissipative version of the Q2R 
Ising model) in which the geodynamo was as-
sumed to be a system of magnetic spins in a 
critical phase-transition state. By numerical 
simulation, they found that intervals of po-
larity reversals in the model follow a power law 
at a critical state. They also improved their model 
(Seki and Ito, 1999) to make it more realistic and 
to obtain a power exponent closer to the observed 
value. The revised model is a coupled map 
lattice where the elements themselves evolve 
and reverse polarity autonomously according to 
the Lorentz map obtained from Rikitake dynamo 
dynamics. Analysing the behaviour of the system 
and the distribution of polarity reversals for 
various values of parameters of the model they 
suggested that the dynamo in the Earth’s core is 
in a chaotic turbulent state. Similar conclusions 
were arrived at by Consolini et al. (2000) by 
investigating the multifractal features of the 
polarity interval time series.
In this paper, an attempt is made to study the 
geomagnetic reversal record from the viewpoint 
of dynamical complex systems theory. Reversals 
of the Earth’s dipole fi eld are in fact associated 
with magnetohydrodynamic processes in the 
convecting outer core and for this reason it is 
important to apply any new ideas which can 
give additional insight into this fundamental 
aspect of planetary magnetism. Moreover, there 
is general agreement that the dynamo equations 
are sufficiently nonlinear to allow reversing 
solutions and that simple analogue equations, 
such as those of the coupled disk dynamo of 
Rikitake, exhibit spontaneous and apparently 
random polarity reversals. Consequently one 
possible answer to the geomagnetic fi eld time 
reversals debate is to describe these events as 
typical nonlinear behaviour of a highly complex 
dynamical system especially if one takes into 
account that nonlinear systems are capable of 
a vast range of responses. In this picture we 
investigated the possible occurrence of Zipf’s 
law, 1/f noise, and punctuated-equilibrium in 
the geomagnetic polarity reversals, analysing 
all reversal data back to about 166 Ma ago.
2.  The rank-ordering statistics and 
      the Zipf’s law
In the last three decades, growing interest has 
been devoted to many natural phenomena that 
are characterised by Power-Law Distributions 
(PLDs). Although the asymptotic existence of 
power-laws is a well-established fact in statis-
tical physics and critical phenomena, power-
law behaviours are also considered to be one of 
the most striking features of complex systems, 
i.e. of those systems, which consist of several 
interacting subunits, and whose phenomeno-
logical laws, describing the global behaviour, 
cannot be surmised from the elemental laws that 
regulate the evolution of its elementary parts. 
Power-law distributions are commonly taken 
as a signature of an underlying self-similarity. 
As a matter of fact, in contrast to exponential 
distributions, a PLD indicates the absence of a 
characteristic size: i.e. there is no upper limit on 
the event size. We remark that in the case of a 
phenomenon whose events follow a PLD, the 
largest events completely dominate the physical 
processes (see for example what happens in the 
case of earthquakes). 
From a practical point of view, a PLD is 
represented by a linear trend in a log-log plot 
of the frequency or cumulative number as a 
function of size. One of the main and more 
debated questions on PLD is the validity of such 
a distributions for very large events, which are 
generally undersampled. One way to solve such 
a problem when only a limited statistics of largest 
events is available is to use the rank-ordering 
technique (Sornette et al., 1996; Sornette, 2000). 
George Kingsley Zipf of Harvard University 
initially introduced this technique in his book 
(Zipf, 1949), where he made many striking 
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observations of simple regularities in human 
systems. The most known regularity observed 
by Zipf was the distribution of how often a given 
word appears in a piece of literature. In any case, 
rank-ordering statistics was subsequently applied 
to a wide range of research fi elds.
Given a set of numbers {n} upper limited, the 
rank-ordering technique consists in evaluating 
how many (rank order r) of these numbers are 
smaller than a certain cut-off value n*, and then 
in plotting n* as a function of r. Thus Zipf’s plot 
is a log-log plot of the cumulative distribution 
with an interchange of axes [n* = ƒ(r) instead 
of r = ƒ(n*)]. Although the statistical analysis 
of the cumulative distribution and of the rank-
ordering statistics seems to be equivalent, they 
are signifi cantly different, the analysis being 
completely determined by the uncertainties of the 
quantity plotted in the ordinates. In other words, 
the rank-ordering statistics provide a different 
emphasis on the extreme and rare events.
The existence of a power law behaviour 
(n* ª r- a) in the Zipf’s plot is the indication 
of a certain amount of correlation and self-
organisation. The original Zipf’s law for words 
is characterised by a scaling exponent a ª 1.0. 
Anyway, different values of a may be recovered 
in different physical systems meaning a different 
degree of correlation and self-organisation. For 
example in the case of DNA sequences it was 
found a  ª 0.3 (Mantegna et al., 1994). Other 
examples of the Zipf’s laws come from rank-
ordering statistics of stock-market variations, of 
city distributions (Marsili and Zhang, 1998), of 
large earthquakes (Sornette et al., 1996), etc.
Here, we will make use of rank-ordering 
statistics to investigate the existence of Zipf’s 
law in the geomagnetic chron distribution.
3.  Data description and analysis
The geomagnetic polarity time scale compiled 
by Cande and Kent (1992, 1995) represents a 
great improvement in defi ning the chronology of 
reversals from the Late Cretaceous to the present. 
Because the time scale of Cande and Kent (1995) 
does not go back further than 83 Ma, we have 
merged it with the portion of the scale for the time 
interval 83-166 Ma (Ogg, 1995) to investigate the 
statistical properties of reversals from the present 
to 166 Ma ago. The whole sequence contains 
332 intervals of constant polarity, 144 intervals 
of constant polarity before the Cretaceous su-
perchron and 188 afterwards.
The sequence of polarity intervals according 
to the time scale of Cande and Kent (1992, 1995) 
and Ogg (1995) is presented in fi g. 1, where the 
polarity interval lengths DT(x) are plotted as a 
function of the order of occurrence (x). Ages 
(dates) of geomagnetic inversion that indicate 
the borders of intervals with different main 
Fig.  1.  The time series of geomagnetic polarity interval duration (DT(x)) for both polarities as a function of order 
of occurrence (x). The y-axis was limited to 10 Ma.
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geomagnetic field polarity are presented in 
this scale with an accuracy of 0.001 Ma. This 
value is of the same order of magnitude as the 
process of polarity change, which is around 
3.0-3.5 ka. In this analysis we have not made 
any distinction between excursions, subchrons, 
chrons, and superchrons. All these events can 
be considered manifestations of the dynamics 
of the Earth’s dynamo. Also, due to the inherent 
uncertainties in the determination of the reversal 
ages, we have set the average conventional scale 
resolution to be about 0.01 Ma, even though 
the accuracy of determination of individual 
events may be one order higher. Although we 
know that the uncertainties which remain in 
the precise absolute dates of the geomagnetic 
polarity time scale make their detailed analysis 
delicate, we believe that they would not nota-
bly modify the broad description we intend to 
present hereafter.
As already noted, there is a clear nonsta-
tionarity in this record, which becomes evi-
dent when the distribution of the geomagnetic 
reversal rate on a 5 Ma time scale is analysed 
(McFadden and Merrill, 1984). The obtained 
trend in fact suggests that the reversal rate 
has gradually increased from the end of the 
Cretaceous superchron to the present and this 
is evidence of the nonstationary behavior of the 
geomagnetic polarity time scale. However, we 
must take into account that this interpretation, 
even though it is compatible with the data, is 
strongly guided by the way the data is presented 
and by the choice of the strong smoothing made 
on the series (as also noted by Gallet and Hulot, 
1997). The nonstationarity of the reversal process 
could cause some diffi culties in defi ning the 
statistical properties of the record. Gaffi n (1989) 
and Marzocchi (1997) have suggested that some 
results obtained in previous papers could be 
artefacts of the non-stationarities present in the 
series. Nevertheless, we believe that the problem 
of the nonstationarity of the reversal process is 
not relevant for our analysis.
First of all, in order to study the nature of the 
polarity reversals we analysed the Power Spectral 
Density (PSD), and investigated the occurrence 
of scaling laws (Zipf’s law) in the cumulative 
distribution of the chrons. To evaluate the PSD 
of the chron time series we generated a surrogate 
two-state (±1) time series covering the entire 
period length of 166 Ma with a resolution of 0.01 
Ma. The state +1 was associated with normal 
polarity and –1 with the reversed polarity.
Figure 2 shows the obtained Power Spectral 
Density (that is, the squared magnitude of the 
Fourier transform) for the analysed polarity re-
versal time series. Two different scaling regions 
and a spectral break can be identifi ed. Indeed the 
Power Spectral Density shows a 1/f spectrum 
for times longer than T0 =  1/f 0  ª  0.4 Ma, while 
for time scales shorter than T0 it scales as 1/f 2, 
which is reminiscent of a stochastic motion. The 
physical meaning of the 1/f 2 region should be 
limited to the random nature of the polarity 
sequence (i.e. of the random distribution of the 
±1 Æ °1 transition) in the surrogate time series. 
The occurrence of a 1/ƒ spectrum on longer time 
scales is evidence of a certain amount of long-
time correlation in the sequence of polarity 
reversals, and of a complex time evolution of 
the geodynamo. We stress that 1/ƒ-noise spectra 
represent one of the most relevant features 
of out-of-equilibrium and complex systems 
whose evolution is characterised by fi rst-order 
transitions between metastable confi gurations 
(Bak, 1996).
Because f0 (which represents the value of the 
spectral break) is the characteristic frequency 
for a sinusoidal signal, we must conclude that 
the typical time interval between two polarity 
reversals is
             
 (3.1)
This value is in good agreement with the mean 
length of a polarity interval given in the literature 
which is about 0.3 Ma even though its value 
depends on the number of short events present 
in the magnetic polarity time-scale. Lowrie and 
Kent (1983) have in fact discussed the effect of 
adding short events to the magnetic polarity time-
scale and they have shown that this has a dramatic 
effect on the polarity intervals distribution and 
on the mean length of a polarity interval, which 
is reduced from 0.314 Ma to 0.175 Ma.
In order to study the possible occurrence 
of Zipf’s law for the cumulative distribution of 
chron duration, we denote by qdt the number of 
δτ 0 0 01 2 2 0 22= = ≈f T .  Ma.
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polarity intervals having a length equal to dt, and 
we defi ne the rank r as
              (3.2)
This means that the rank r (dt ) is the number of 
polarity intervals which last longer than dt.
Figure 3 shows the rank order statistics of 
the polarity reversal time intervals obtained. A 
power-law δτ α= −A r0  applies for ranks r £ 100 
with a characteristic scaling exponent a of a ª 
ª (0.76 ±  0.01). This indicates that the polarity 
reversal dynamics obeys Zipf’s law behaviour 
for r £ 100. The existence of a Zipf’s law means 
that for time scales longer than 0.25 Ma the 
geomagnetic polarity reversal phenomenon 
exhibits scale invariance and/or self-similar 
features, and that a certain amount of self-
organization must occur in the geodynamo 
evolution. In terms of the distribution of polarity 
chron durations Zipf’s law is equivalent to a 
power law distribution. As a matter of fact our 
result is in good agreement with the analyses 
of Seki and Ito (1993, 1999) and Gaffi n (1989), 
which found a power law distribution with a 
Fig.  2.  The PSD, in arbitrary units (a.u.), of the surrogate polarity time series. The solid and dashed lines are 
nonlinear power-law best fi ts. The dotted vertical line indicates the position of the spectral break.
r q d  δτ δτδτ
δτ
( ) =
∞∫ ' ' .
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scaling exponent near – 1.5 for chron durations 
longer than 0.23 Ma. Moreover, the existence of 
such a power-law statistics could be related to the 
occurrence of «punctuated equilibrium».
The concept of punctuated equilibrium was 
introduced by Gould and Eldredge (1993) in the 
fi eld of evolution in natural history, and refers 
to a system which is characterized by periods 
of relative quiescence, interrupted abruptly by 
rapid change (the crisis). This phenomenon may 
be taken as an indication of metastability in the 
dynamics of a system. Punctuated equilibrium 
has been shown to be a common feature of 
several complex systems (Bak, 1996). In terms 
of polarity chron duration punctuated equilibrium 
could be paraphrased as: «the existence of periods 
of stable polarity punctuated by crises where a 
polarity inversion occurs». This phenomenon 
may be visualized by the existence of a Devil’s 
staircase for the accumulated activity. 
The Devil’s staircase was introduced by G. 
Cantor in the 19th century as a special mathe-
matical object generated by a multiplicative pro-
cess and characterized by self-similarity. The 
name Devil’s staircase comes from the existence 
of very large and very small steps alternating in 
a random way. Although for a long time it was 
thought that physical and real systems cannot 
share the mathematical features of the Devil’s 
staircase, in the last 3 decades it has been clearly 
demonstrated that several complex system are 
able to show behaviours that may be represented 
in terms of a Devil’s staircase (Bak and Bruisma, 
1982; Jensen et al., 1983; Bak, 1996). 
In order to check the occurrence of punctua-
ted equilibrium for geomagnetic reversals we 
introduced a surrogate «Accumulated Activity» 
AA(t) as
              (3.3)
where x (t' ) is the binary time series of polarity 
AA t x t dtt
t
( ) = ∂ ( )∫    ' ' '
0
Fig.  3.  The ranking distribution relative to the polarity time intervals. The solid line is a nonlinear power-law 
best fi t. The horizontal dotted line indicates the characteristic time-scale evaluated on the basis of the PSD (see 
text).
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reversals. Figure 4 shows the result obtained for 
the Accumulated Activity. The plot of the defi ned 
Accumulated Activity looks very similar to a 
Devil’s staircase. Plateaus of stasis (i.e. the steps 
of the staircase) do not follow one another in a 
regular way. This result which is a signature of 
the occurrence of punctuated equilibrium, may be 
read as an indication of metastability and can be 
linked to a complex confi gurationally space for 
the geodynamo. Moreover, the irregular charac-
ter of the stasis sequence confi rms our previous 
fi ndings of a multifractal and intermittent char-
acter of the geomagnetic polarity reversal series 
(Consolini et al., 2000). 
4.  Summary and conclusions
In this paper, we have presented a study of 
the geomagnetic chron time length sequence to 
infer information on the dynamical state of the 
geomagnetic dynamo. 
In order to do this we performed power 
spectral analysis of polarity reversal time series 
using the generally accepted geomagnetic po-
larity time scale compiled by Cande and Kent 
(1992, 1995) and Ogg (1995) which covers the 
last 166 Ma. We found that the power spectrum 
shows a 1/f spectrum, where f is the frequency, 
for times longer than T0 ª 0.5 Ma while for times 
shorter than T0 it scales as 1/f 2. The most striking 
feature of this result is the existence of a crossover 
point that divides the total time interval into two 
different parts with different scaling properties. 
We also evaluated the possible occurrence of 
Zipf’s law for the cumulative distribution of 
chron duration and we have found that the polarity 
reversal dynamics obeys Zipf’s law for time scales 
longer than 0.25 Ma. This result permitted us to 
conclude that the geomagnetic polarity reversal 
phenomenon exhibits scale invariance and/or 
self-similar features. Finally, we investigated 
the possibility that the phenomenology of the 
polarity reversals in the geomagnetic dynamo 
is that of punctuated equilibrium. We evaluated 
the accumulated activity of the polarity reversal 
time series and obtained a trend quite similar 
to a Devil’s staircase with plateaus of stasis 
(distributed according to a power law) punctuated 
by short periods of rapid activity. 
These results give a preliminary picture of 
the dynamical state of the geomagnetic dynamo. 
Fig.  4.  The Devil’s staircase for the geomagnetic polarity time series resulting from the Accumulated Activity 
AA(t).
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The fact that the geomagnetic dynamo is char-
acterized by punctuated equilibrium means that 
the geodynamo dynamics is characterized by 
metastability. Combining this result with the 
observed scale invariance in the polarity interval 
distribution, we can consequently assume that the 
geomagnetic dynamo might be in a marginally 
stable out-of-equilibrium confi guration and that 
the polarity reversals are equivalent to a sort of 
phase transition between two metastable states. 
We suggest that the dynamics of the geomagnetic 
dynamo could be equivalent to that of a stochastic 
system near criticality and consequently that the 
geomagnetic dynamo evolves as a system near 
a dynamic critical point. We believe that our 
findings strongly support previous work by 
ourselves (Consolini et al., 2000) and by Seki 
and Ito (1993, 1999). 
We would like to remark that this hypothesis 
has been also suggested by McFadden and 
Merrill (2000) who considered the existence of 
a mechanism for punctuated equilibrium within 
the core. In particular, they suggested that, for 
example, phenomena such as the sudden breakup 
of a stratifi ed layer in the outermost core could 
lead to a rapid change in boundary conditions 
that could be responsible for the punctuated 
evolution manifested in the sudden jumps in the 
reversal rate. Here, reversals would be equivalent 
to noise-induced cooperative phase transitions. 
This last picture fi ts well with our latest result of 
the possible occurrence of stochastic resonance 
in geomagnetic polarity reversals (Consolini and 
De Michelis, 2003).
The possible relevance of our fi ndings to a 
possible critical dynamical state of the geodynamo 
calls for further investigation, particularly from a 
theoretical point of view.
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